Abstract-A uniform asymptotic solution is presented for evaluating the field diffracted by the edge of a lossy double-negative metamaterial layer illuminated by a plane wave at skew incidence. It is given in terms of the Geometrical Optics response of the structure and the transition function of the Uniform Geometrical Theory of Diffraction, and results easy to handle. Its accuracy is well-assessed by numerical tests and comparisons with a commercial solver based on the Finite Element Method.
INTRODUCTION
Double-Negative (DNG) metamaterials (MTMs) are characterized by negative permittivity and permeability simultaneously and can be engineered to have electromagnetic properties not generally found in nature. As a consequence, the number of teams studying DNG MTMs and the number of published papers and books on this topic are both growing exponentially (see [1] [2] [3] as example).
Numerical methods can be used to solve scattering problems involving DNG MTMs, but they become very poorly convergent and inefficient when considering structures large in terms of the wavelength. The Geometrical Theory of Diffraction (GTD) represents a very interesting alternative at high frequencies. In this framework, a Uniform Asymptotic Physical Optics (UAPO) solution has been recently derived by the authors for determining the field diffracted by the edge of a lossless DNG MTM planar slab illuminated by a plane wave at skew incidence [4] . This paper deals with the extension of the approach presented in [4] to lossy layers. As well-known, the losses are the key problem in both design and applications of modern DNG MTMs [5] [6] [7] , and therefore they must be taken into account in order to obtain realistic results. To solve the problem here tackled, the DNG MTM planar layer is supposed to be isotropic, homogeneous and modelled as a penetrable half-plane. The proposed UAPO solution for evaluating the diffraction phenomenon is given in terms of the Geometrical Optics (GO) response of the slab and the transition function of the Uniform Geometrical Theory of Diffraction (UTD) [8] . Its accuracy and effectiveness are well-assessed by numerical tests and comparisons with results obtained via COMSOL MULTIPHYSICS simulations.
GEOMETRICAL OPTICS: REFLECTION AND TRANSMISSION COEFFICIENTS
Let us consider a linearly polarized plane wave impinging on a lossy, isotropic and homogeneous DNG MTM slab of infinite extent and thickness d, surrounded by free space (see Fig. 1 ). The slab is characterized by complex electric permittivity ε = −ε 0 (ε + jε ) and magnetic permeability µ = −µ 0 (µ + jµ ), wherein ε , ε , µ , µ are all positive quantities.
The GO response of the structure is determined by the Fresnel's reflection and transmission coefficients relevant to the parallel ( ) and perpendicular (⊥) polarizations. For the considered case, they can be so expressed:
where in which k mz represents the z-component of the propagation vector in the media m = 1, 2, 3, and the subscripts i, j refer to the left and right media involved in the local propagation mechanism (see Fig. 1 ). In particular, k 1z = k 3z = k 0 cos θ i (k 0 is the free space propagation constant and θ i is the standard incidence angle), k 2z = −β 2z − jα 2z (β 2z > 0 and α 2z > 0). The phase and attenuation constants in the lossy DNG MTM slab are given by:
with
Note that expressions (1) and (2) are in form quite analogous to those reported in [9] .
UAPO DIFFRACTED FIELD
According to the approach proposed in [4] , the analytical difficulties are attenuated by modelling the truncated DNG MTM slab as a halfplane surrounded by free space. The scattering phenomenon produced by an incident plane wave can be analyzed by using the well-known radiation integral with a PO approximation of the involved currents:
In the above expression, G(r, r ) = e −jk 0 |r−r | /(4π|r−r |) is the Green's function, ζ 0 is the free space impedance, r and r denote the observation and source points, respectively,R is the unit vector from the radiating element at r to the observation point, and I is the (3 × 3) identity matrix. The equivalent electric (J P O s ) and magnetic (J P O ms ) surface currents in (12) can be so determined [4] :
where (ρ , ζ ) identify the integration point on the illuminated surface S andt =n×ê ⊥ ,ê ⊥ being the unit vector perpendicular to the standard incidence plane. The angles (β , φ ) fix the incidence direction, whereas the observation direction is specified by (β, φ) in a similar way (see Fig. 2 ). Since the diffraction is confined to the Keller's cone for which β = β , the approximationR ŝ (ŝ is the unit vector of the diffraction direction) for evaluating the edge diffracted field is permitted. As a consequence,
According to the analytical methodology reported in [4] , the UAPO diffracted field results by a uniform asymptotic evaluation and is given by:
where s is the distance along the diffracted ray, F t (·) is the UTD transition function [8] , and the sign +(−) applies if 0 < φ < π (π < φ < 2π). The matrix M is given in [4] . Note that throughout the above discussion an e jωt time dependence has been assumed. On the other hand, if a time factor e −jωt is considered, the corresponding field contributions can be determined by properly conjugating the here reported results. Amplitude of the β-component of the total field. DNG MTM parameters: ε = 4, ε = 2, µ = 1, µ = 0.5. Incident field:
NUMERICAL TESTS
The GO response and the UAPO diffraction contribution are reported versus φ in Fig. 3 . Obviously, if β = 30 • , φ = 50 • , the GO field has two discontinuities in correspondence of the reflection and incidence/transmission shadow boundaries at φ = 130 • and φ = 230 • , Figure 5 . Amplitude (dB) of the β-component of the total electric field. DNG MTM parameters: respectively. The UAPO diffracted field is not negligible in the neighbourhood of such boundaries and ensures the continuity of the total field (see Fig. 4 ). The proposed UAPO solution has been also tested by means of comparisons with COMSOL MULTIPHYSICS results in the case of normal incidence (see Figs. from 5 to 8). The excellent agreements confirm its accuracy for both the polarizations.
Finally, the effects of taking electric and magnetic losses into account in the proposed approach are investigated in the next set of figures. In particular, Fig. 9 refers to the presence of electric losses when the incidence angle is less than the right angle. As expected, the field levels in the angular region beyond the incidence/transmission shadow boundary decrease when increasing the relative imaginary coefficient of the complex permittivity. As a matter of fact, this growth produces a reduction of the transmitted field, but it seems to have reduced effects on the reflected field. On the other hand, the growth of the relative imaginary coefficient of the complex permeability appears to influence both transmitted and reflected fields (see Fig. 10 ).
CONCLUSION
The diffraction problem relevant to a lossy DNG MTM slab illuminated by a plane wave at skew incidence has been tackled and solved in this paper. Numerical examples have demonstrated that the UAPO solution here proposed compensates the GO field discontinuities at the reflection and incidence/transmission shadow boundaries and gives accurate results, as demonstrated by the excellent agreement with COMSOL MULTIPHYSICS results. The electric and magnetic losses give the impression of affecting the reflected field differently.
